Abstract. We study the laminarity of the Green current of endomorphisms of P 2 (C) near hyperbolic measures of saddle type. When these measures are supported by attracting sets, we prove that the Green current is laminar in the basin of attraction and we obtain new ergodic properties. This generalizes some results of Bedford and Jonsson on regular polynomial mappings in C 2 .
Introduction
This article concerns the dynamics of a holomorphic endomorphism f of P 2 (C) (hereafter denoted P 2 ). Recall that the Julia set J 1 is the complementary of the regular part of the dynamics and J 1 = supp(T ), where T is the Green current of f The most chaotic part of the dynamics is a subset J 2 of J 1 that corresponds to the support of the equilibrium measure µ eq = T ∧ T . See [DS] , and the references therein, for more results about the dynamics on J 2 and the proprieties of µ eq . The natural measure to consider on J 1 is the trace measure σ T = T ∧ ω F S of the Green current T which is invariant. We address the question of understanding the behavior of σ T -almost every point when J 2 = supp(µ eq ) = J 1 .
We are mainly interested in the case where f admits a trapping region U , i.e. an open set such that f (U ) ⋐ U . The decreasing limit A = n∈N f n (U ) is called an attracting set. Notice that, since U = P 2 is a trapping region, supp(µ eq ) ∩ U = ∅. If U is Kobayashi hyperbolic then A is a finite union of attracting periodic orbits, and the dynamics in the basin of A is well understood. So assume that U = P 2 and U is not Kobayashi hyperbolic. In this case, U contains a curve ℓ, see Proposition 2.1.
Bedford-Jonsson [BJ] considered the case of endomorphisms of the form P (x, y, z) : Q(x, y, z) :
near the line at infinity L ∞ = {z = 0}, which is an attracting set. From the dynamics in P 1 , it is known that there exists a unique measure µ ∞ of maximal entropy on L ∞ , and µ ∞ represents the equidistribution of saddle points in L ∞ . Moreover, the disintegration of the measure µ ∞ on the unstable manifold L ∞ is induced by T , i.e.
In [BJ] , Bedford-Jonsson prove that the Green current of f 0 is laminar subordinate to the stable manifolds of µ ∞ in the basin of L ∞ . Thereby, they also obtain that µ ∞ represent the equidistribution of σ T -almost every points in the basin of L ∞ , see Definition 2.4.
In general, attracting sets have a more complicated structure. In particular, they are generically non-algebraic, see [JW,DT] and the references therein. However, we are going to see that the dynamics in the basin of attraction is similar to the case describe above. For technical reasons, we assume : (T ub) U is a tubular neighbourhood of a curve ℓ In particular, U is a euclidean retract 1 of ℓ. We also assume that f satisfies one of the following :
(Sd t ) A is an attracting set of small topological degree, or (SJ) There exists a neighbourhood N of A in which the Jacobian of f is small, i.e. there exists 0 < α < 1 such that for all p = [x : y : z] ∈ N , |Jac p (f )| < α max(|x|, |y|, |z|) 2d−2 . The condition (SJ) is typically satisfied by small perturbations of f 0 , see also section 8. We refer Definition 2.2 for the definition of small topological degree attracting sets and to [Da] and [DT] examples. Under these assumptions, we know Theorem 1.1 ( [Di, Da, DT] ). Let f be an endomorphism of P 2 admitting a trapping region U . Assume that f and U satisfy the conditions (T ub) , and (Sd t ) or (SJ). Then (C 1 ) there exists a unique invariant current T u ∈ C (1,1) (U ), where C (1,1) (U ) is the set of positive closed currents of bidegree (1, 1) with supports in U , (C 2 ) ν = T ∧ T u is mixing, of entropy log(d), (C 3 ) all measure of entropy log(d) and support on A is hyperbolic of saddle type.
One of the main result of this article is to prove that ν has the same properties as the µ ∞ in [BJ] .
Theorem 1.2. Let f be an endomorphism of P 2 admitting a trapping region U . Assume that f and U satisfy (T ub), and (Sd t ) or (SJ).
Then the following is true: We are going to prove each point of Theorem 1.2 separately under weaker assumptions, see section 2.2. In [DT, Di] , the curve ℓ is a line but it can also be a conic as in [FW, section 5] . See also Section 8.1, where we extend the results of [Di] to this setting.
With the conclusions (C 1 ) and (C 2 ) of Theorem 1.1, it is quite elementary to prove that there exists an open neighboorhood W of A such that (f n ) * (σ T | W ) ⇀ ν for the weak- * topology. Nevertheless, this does not provide, a priori, a description of the dynamics of σ T -a.e. point p ∈ W . To this end, we are going to establish the laminarity of the Green current in the basin of attraction.
This question has been studied by several autheurs, see for exemple [deT3, deT4] and [Du1] . Dujardin [Du2] constructed examples of skew-products of C 2 , that can be extended as endomorphisms of P 2 , for which the Green current is not laminar near an invariant fibre F that is not attracting.
In [FS] , the authors established the laminarity of the Green current in the neighboorhood of a uniformly hyperbolic saddle set. We obtain the following result in the non-uniformly hyperbolic case. This generalises [FS] and [BJ] to the basin of an attracting set and, more generally, to the basin of a hyperbolic measure of saddle type. Theorem 1.3. Let f be an endomorphism of P 2 of degree d and T be its Green current. Assume that there exists an invariant current 
Among other things, Theorem 1.3 gives us information on the topological structure of the Julia set J 1 = supp(T ). We deduce the following:
Let us emphasis that in Theorem 1.3, and its corollary, ν is not necessary supported on an attracting set. It is not clear, without further assumption, that T s = T on an open set, or, that the geometric intersection T s∧ T u equals ν = T ∧ T u , see section 8. Adding the conditions (T ub), and (Sd t ) or (SJ), to have (C 1 ), we may use a push-pull argument and establish the following result. 
The difficulty in Theorem 1.3 is to prove that T s has positive mass. The particular case where the line at infinity L ∞ is an attracting set and ν = T ∧[L ∞ ] was handled by E. Bedford and M. Jonsson [BJ] . They use L ∞ as a global transversal to bound this mass from below. Here, we use instead ideas of [BLS] , to get the holonomy invariance along stable manifolds and the disintegration of ν on local unstable manifolds.
In [deT3, DDG3] , the laminarity of the Green current is obtained by controlling the genus of the curves f −n L, where L is a line such that
It seems that these arguments do not apply in this setting. See Section 8 for more details.
This article is organized as follows. We start by recalling some facts about laminar currents and Pesin theory in our context. We then study the geometric structure of ν = T ∧ T u , in particular its disintegration on local unstable manifolds.
Section 4 is devoted to the construction of the current T s from Theorem 1.3. We then prove Theorem 1.5. In section 6, we establish the equidistribution of periodic points in U on ν. The uniqueness of the measure of maximal entropy is proved in section 7. Theorem 1.2 is a consequence of Proposition 3.3, Corollary 5.2, Theorem 6.4 and Theorem 7.1. We end this paper with some remarks and open questions.
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2. Preliminary 2.1. Attracting set. Let f be an endomorphisms of P 2 .
Proposition 2.1. Let A be an attracting set for f then either A is trivial, i.e. A = P 2 or A is a finite union of attracting periodic orbits, or all trapping region of A contains a curve.
Proof. Let U be a trapping region of A . If U = P 2 or U is Kobayashi hyperbolic then A is trivial. Assume that U is not Kobayashi hyperbolic, then there exists a positive closed current τ of bidegree (1, 1) with support on U . Since U is an open set, by [G, Theorem 0 .1], U contains curves that approximate τ .
We also recall the definition of small topological degree attracting sets.
Definition 2.2. An attracting set A is said to be of small topological degree if there exists a trapping region U and n
2.2. Assumptions. As mentioned in the introduction, we are going to prove each item of Theorem 1.2 and Theorem 1.5 under weaker assumptions. Here is the different hypotheses we will use: (H 0 ) U is a trapping region such that U = P 2 and U is not Kobayashi hyperbolic. We will always denote by A = n∈N f n (U ) the attracting set associated to U .
(ER) U is a euclidean retract 2 of ℓ, (CV ) there exists a unique invariant current T u ∈ C (1,1) (U ), where C (1,1) (U ) is the set of positive closed currents of bidegree (1, 1) with supports in U . Or the weaker version: (CV * ) There exists a current T u ∈ C (1,1) (U ) such that for all φ (1,1)-form with continuous coefficients and support in B A we have (H * 1 ) ν = T ∧ T u is ergodique, of entropy log(d) and hyperbolic of saddle type.
(H 2 ) All measures of entropy log(d) and supports on A admit a non positive Lyapunov exponent. All the examples known so far of attracting sets satisfy the conditions (T ub) and (SJ) but we believe that there exists a larger class of attracting sets. For example, the assumption (H 2 ) is true as soon as the interior of A is the empty set or lim sup
2.3. Laminar and woven currents, geometric intersection. We refer to [De, DS] for general results on currents. 
where λ is a measure on the disk {0} × D and the M a are disjoints graphs
Remark. The marking is not unique. In fact, in C 2 we have 
Remark. Notice that this definition depends, a priori, on the chose of the markings m 1 and m 2 . The following proposition says that the two definitions of intersection coincide, when there are both defined. So, in this case, the geometrical intersection does not depends on the chose of the markings, what should be the general case.
Proposition 2.8. [DDG2, Proposition 2.6 ] Let T 1 and T 2 be uniformly woven current, if
The geometric intersection can be use to characterize uniformly laminar current and if two uniformly laminar currents intersect correctly. Proof. The disks in the supports of T 1 and T 2 are holomorhic disks so if
is an open set. We conclude using the persistence of the intersection of holomorphic disks. See the beginning of the proof of [Du2, Lemma 2.5].
We may also define the intersection between a positive closed current R of bidegree (1, 1) with bounded potentials and a woven current. Proof. This is a direct consequence of [DDG2, Lemma 2.7] .
2.4. Pesin Theory and Lyapunov chart. The classical presentation of Pesin theory uses the assumption that log(||Df ||) is integrable, see [KH] . We recall here a more general version of it without this assumption.
Let m be an invariant probability measure. Denote by (P 2 ,f ,m) the natural extension of (P 2 , f, m) which is an invertible dynamical system with the same ergodic properties than (P 2 , f, m). We recall thatP 2 = {x = (x −n ) ∈ (P 2 ) N | f (x −n ) = x −n+1 } is the set of histories with the induced topology of (P 2 ) N . The projections π i and the measurem are defined by
For every pointx the tangent space is define by TxP 2 = T x 0 P 2 ≃ C 2 and we set Df (x) = Df (x 0 ), see [deT1] or [Ro] .
We start with a more general version of Oseledets Theorem. In the classical statement, we assume that log + (||Df ±1 ||) ∈ L 1 (m). As f is an endomorphism of P 2 , log + (||Df ||) ∈ L 1 (m). It turns out that the hypothesis log
Theorem 2.12. Let f be an endomorphism of P 2 and m be an invariant measure (f * m = m). There exist a setX such thatm(P 2 \X) = 0, measurable functions (the Lyapunov exponents) χ 1 ≥ χ 2 and an invariant measurable decomposition of the tangent space such that for all
The only difference without the assumption log(||Df −1 ||) ∈ L 1 (m), is that the Lyapunov exponents may be equal to −∞.
Remark. If m is ergodic then the Lyapunov exponents are constant.
There also exists a slightly different version of the theorem of γ-reduction of Pesin, without the assumption log
Theorem 2.13. Let f be an endomorphism of P 2 and m be an invariant measure (f * m = m).
Assume that the Lyapunov exponents of µ satisfies
For all small enough γ, ε 0 > 0, there exist a subsetŶ ⊂P 2 of full measure and γ-moderate functions C γ :Ŷ → GL 2 (C) and δ :Ŷ → R such that for almost everyx ∈Ŷ ,
where
where A u γ and A s γ are functions such that we have
Proof. See [N, Theorem 2.3], Theorem 6.1, and Lemma 6.2 in [Dup] with the notations
Definition 2.14. We call horizontal graph (resp. vertical graph), in
Proposition 2.15. Assume that for m-almost everyx, the Lyapunov exponents satisfy 
, is a horizontal like map of degree 1 and is injective on the restriction of every cut-off horizontal graph, i.e. a horizontal graph in B(ρ(x)) g
Proof. Let 0 < r ≤ δ(x), up to divided δ(x) by a constant, we may assume that Theorem 2.13 is true in B(r). Thus gx(0) = 0, Dgx(0) is a diagonal matrix and for all w ∈ B(δ(x)) we have ||Dgx(w) − Dgx(0)|| ≤ ε 0 . As χ u > 0 and χ s < 0, up to reduce δ(x) and γ, we may assume that e χu−γ − ε 0 > e γ > 1 and e χs+γ + ε 0 < e −γ < 1.
Denote by p u the projection on E u and h(w) = gx(w) − Dgx(0) so for every w ∈ B(r)
and by the preceding facts, gx :
) is a holomorphic function. We set
so, thanks to the Cauchy inequalities, for all z,
, thus we are interested only in the part of the graph above B u (r ′ ) .
Let w, w ′ ∈ Γ and z, z
And if γ and ε 0 are small enough
is of degree 1 and injective on every cut-off horizontal graph.
Remark. By the usual Pesin γ-reduction theorem, see Propositions 9 and 10 of [deT1] , if log
Definition 2.16. For n ≥ 1, the graph transform map
where at each step we cut-off the
Proposition 2.17. For every n ≥ 1, the preimage under f n of a vertical graph is a vertical graph and the image by f n of a horizontal graph is a horizontal graph. Moreover, one every horizontal graph the inverse maps f −n of f n is well defined.
Proof. This is a direct consequence of the preceding proposition. 
Proposition 2.18. Assume that for m-almost everyx, the Lyapunov exponent satisfy
Proof. This follows from Proposition 2.15.
We also recall the concept of common Lyapunov chart, from [BLS] , which will have an important role (see also [DDG3] ).
Definition 2.19. The Lyapunov chart L(p) ofp is the image by Exp γ,p of the affine bidisk of size r(p) and axes
) is a horizontal-like map of degree 1. We consider the sets:
and there analogues inP 2 [p,q] . A subset is said to have a product structure if it is closed for [., .] . A Pesin boxP is a compact subset ofP 2 of positive measure, with a product structure such that the size of the Lyapunov chart of everyx ∈P is bounded from below by a positive constant.
Lemma 2.21. (Bedford-Lyubich-Smillie) For each η > 0, there exists a finite family of disjoint Pesin boxesP i such that diam π 0 (P i ) < η and
Proof. 
Proof. If η > 0 is small enough, the stable (resp. unstable) directions of points belonging tô P i are almost parallel. Up to reduce η, we assume that 
) is a horizontal-like map of degree 1, so the local stable and unstable manifolds, defined like this, are transverse in each common Lyapunov chart.
) is injective. By the Poincaré recurrence theorem, up to removing a subset of zero measure, we assume that for everyx ∈ R ε , there exist infinitely many n > 0 such thatf n (x) ∈ R ε . And, up to remove a subset of ε measure to R ε , there exists C < ∞ such that, for everyP j and everŷ x ∈P j , the following properties are true :
Let ∆ be a disk, it follow from the proof of [FS II, Proposition 5.10] 
] is a positive measure. Up to remove a subset of ε measure to R ε , there exists m 0 > 0 such that for everŷ
Conditional measures on unstable manifolds
Let m be an invariant (under f ) probability measure and B alors supp(m) ⊂ A . ξ be a measurable partition of P 2 . The measure m may be disintegrated with respect to ξ, i.e. the conditional measures m(·|ξ(x)) of m on the fibers of ξ are well defined, see [BLS] and the references in it.
Denote by J m,ξ f the Jacobian of f with respect to the conditional measures of m on the fibers of ξ, i.e. the Radon-Nikodym derivative of f with respect to m(·|ξ(x))
since m is invariant under f . Denote by p(x) = m((f −1 ξ)(x)|ξ(x)) and h m (f, ξ) the entropy of m with respect to ξ, we have:
The partition ξ is said to be generating if the partition ξ ∞ = ∞ n=0 f n ξ is the partition generated by singletons. In this case, we have
Assume that supp(m) ∩ supp(µ eq ) = ∅ and m is of (maximal) entropy log(d). Then, by Margulis-Ruelle inequality, m admit a positive Lyapunov exponent andm-almost every pointx ∈P 2 admit an Pesin unstable manifoldŴ u (x). Assume also that m admit a negative exponent.
Definition 3.1. A measurable partitionξ ofP 2 is said to be subordinate to the unstable manifolds of (f ,m) if form-a.e.x ∈P 2 ,ξ(x) has the following properties: 
This proposition follows from Proposition 3.2 of [QZ] , see also [LS] . In fact, in our case all the properties of the Pesin theory are satisfied except that only the restriction of f to horizontal disks, and not to the entire Lyapunov box, is injective but this is not needed in the proof.
Up to refineξ u , we may assume that form-almost everyx, π 0 (ξ(x)) is included in a Lyapunov box. In particular, the map π 0 :ξ(x) → W u (x) is injective. We have the following proposition analogous to [BLS, Proposition 3.2] . 
Proof. Letx be in the set of Pesin regular points R. Denote by
see [FS II, Proposition 5.10 ]. Thereby we may normalise the family (π
, to obtain a family of probability measures
Denote by q(x) = µx f −1 (ξ u (f (x))) . By the Pesin theory, f :
) is injective, so we have
and then
and
The measurem is f -invariant and log •ρ is bounded from above, so
see [BLS, Lemma 2.7.] . On the other hand, denote by p(x) =m f −1 ξ u (f (x)) |ξ u (x) , sinceξ u is a generator (Proposition 3.2), by (8) we have
We deduce from (9) and (10) that
. By definition, p and q are constant on each disk of the formf
denote the sum indexed on the set of disks of the form
Since log is concave, we obtain that form-almost everyx we have p(x) = q(x), i.e. for m-almost everyxm
Applying this tof n , and since n∈Nf −nξu is the partition in singletons, we get:
Proof of Theorem 1.3
We start with the construction of a laminar current T ŝ P ≤ T subordinate to Pesin unstable manifolds while, in Theorem 1.3, W s (x) ⊂ supp(T s ) for ν-a.e. x. We fix a Pesin boxP i and a common Lyapunov chart L i and denote it byP and L. 
≤ T and such that
Remark. In this theorem we do not assume that ν is ergodic.
By Proposition 3.3, the disintegration ofν onξ u is induced by the Green current. We are going to prove that they are invariant by holonomy in the common Lyapunov chart L in order to estimate the number of "tubes" of the form L s n , and, thereby, assure that T ŝ P has positive mass. 
Holonomy invariance in the common
We define the holonomy map 
Proposition 4.2. There is holonomy invariance in L, i.e. for all disks D, D
Proof. We start with a local proof in a neighborhood of a point π 0 (p), wherep ∈P , and then we use a covering argument to obtain the full result.
Through the end of this section, denote by r = δ(p) the "size" of the local stable and unstable manifolds, and λ = χ s − γ, see Theorem 2.13. We have the analogous of [BLS, Lemme 4 
.1]:
Lemma 4.3. With the preceding notations, we have hol n • f n = f n • hol and for r 0 < r/4
Since T has a continuous potential, we have:
Lemma 4.4. If r/8 < r 0 < r/4 then there exists a sequence (n k ) of integers such that
Proof. The proof follows from [BLS, Lemma 4 .2] and (6).
To finish the proof of Proposition 4.2, we construct a decreasing family of neighbourhood C ± n (a) and C ′ n (a ′ ) of a ∈ D and a ′ ∈ D ′ , and use the preceding Lemma as Bedford-LyubichSmillie did in the proof of [BLS, Lemma 4.4 
Let h (resp. h ′ ) be holomorphic functions such that D (resp. D ′ ) is the image by h (resp. h ′ ) of a flat disk. Thanks to the Koebe Distorsion theorem, replacing "f −n :
And thanks to Lemma 4.3, we have hol
) and we deduce from Lemma 4.4 that
Let E ⊂ X be a compact set and E ′ = hol(E), so for every
The set
is a neighbourhood basis of the points of X in D (resp. of X ′ in D ′ ) and the image by h (resp. h ′ ) of convex sets. By the Morse cover theorem [Mo] , we deduce that there exists a family {C ′ j :
For every j ∈ N, there exist a ′ j = hol(a j ) and n j such that
form also a family of non-overlapping open subsets that belong to C − and satisfy C j ⊂ hol −1 (C ′ j ). The diameter of the C ′ j can be chosen as small as wanted and hol −1 is continuous so we assume that C
and, by (11) and (12), we have
For every δ > 0, we have
Similarly, by covering E by a family of C + , we show that T∧D ′ (E ′ ) ≥ T∧D(E) ; and conclude that T∧D ′ (E ′ ) = T∧D(E). This finish the proof Proposition 4.2.
Number of non-overlapping tubes of the form
Up to reduce the size of the common Lyapunov chart L, we assume that ν(∂L) = 0.
Lemma 4.5. The set NP
Proof. Assume that NP is finite, then
On the other hand, as in the proof of [deT2, Lemma 5.
1.], we may decomposeν in ergodic measures to get thatν
In fact, this is true for ergodic measures and x → x 2 is convex. We rich a contradiction.
Notice that, for everyp ∈f −n (P ) ∩P , Proposition 4.2 is true by replacing
, thereby we have holonomy invariance.
Recall the following notations: for everyp ∈R, f −n denote the cut-off map on a horizontal disk of L(p) to a horizontal disk of L u n (f −n (p)) and for every subset F of a Pesin box
Since f is a horizontal-like map of degree 1 between the Lyapunov charts, the path f i • ρ cross the vertical side of L(f i (p)) and so the path f n • ρ cross the vertical side of L(f n (p)) = L. This contradicts the fact that ρ is a path in L ∩ f −n (L).
Lemma 4.7. For every Pesin boxP , n ∈ N andp ∈f −n (P ) ∩P we havê
Notice that hol
The conditionals ofν with respect toξ u are induced by T , see Proposition 3.3, thus for every n ∈ NP and everyp ∈f −n (P ) ∩P , we havê
and, thereby,ν π Proof. For everyp ∈P ∩f −n (P ) we haveν π
and for every n ∈ NP , we haveν(P ∩f −n (P )) ≥ν(P ) 2 (1 − ε), we conclude with Lemma 4.6.
Proof of Theorem 4.1 and a corollary. Recall thatP is a Pesin box, L is a common
Lyapunov chart ofP and for everyp ∈P , L s n (p) and L u n (p) are defined by (2).
Proof of Theorem 4.1. Let l be a transverse line to W u L (P ) (i.e. to W u L (p) for everyp ∈P ) such that the disk ∆ = l ∩ L is vertical. We may chose l such that
. By Proposition 4.8, p∈P ∩f −n (P ) ∆ n,p contains at least d nν (P )(1−ε) disjoint disks, so all cluster values of
is a non trivial positive current, uniformly laminar and is smaller than T . By construction, they are closed in L and subordinate to W s L (P ). In fact, supp(f
and are bounded from above by T , so the supremum of these cluster values, denoted by T ŝ P , is a well defined laminar current subordinate to W s L (P ), see [BLS, Lemma 6.12] . For allp ∈P there exist infinitely many n ∈ N such thatf n (p) ∈P , so W s L (p) is included in the support of at least one cluster value of
We deduce the following corollary, see [BLS, Lemma 8.2.] . 
We know that supp(µ eq ) ∩ W s L (P ) = ∅ and supp(µ eq ) is totally invariant thus supp
Since ∂f −n (L) is smooth, T ŝ P ≤ T , and T ∧ T = 0 outside supp(µ eq ), we know, by Proposition 2.9, that
) is still a uniformly laminar current subordinate to W s (ν) := x∈supp(ν) W s (x), and the currents
is a well defined uniformly laminar current, see [BLS, Lemma 6 .11], and
For all n ∈ N, we have
is a non-decreasing sequence of uniformly laminar currents bounded by T thus T s = sup n (T n ) is well defined. The current T s is laminar and subordinate to W s (ν), and satisfies T s ≤ T . For allp ∈P there exist infinitely many n ∈ N such thatf n (p) ∈P so W s (P ) ⊂ supp(T s ).
We may do the same for all Pesin boxP . Thereby, by taking the supremum on the Pesin boxes, we obtain a laminar current T s ≤ T such that for ν−almost every x, W s (x) ⊂ supp(T s ).
Proof of Theorem 1.5
We are going to prove Theorem 1.5, and its corollary, under weaker assumptions.
Remark. It is not clear that supp(ν) being included in an attracting set is enough to ensure that ν admits a negative Lyapunov exponent.
Theorem 5.1. Let f be an endomorphism of P 2 of degree d and T be its Green current. If f admits a trapping region U , such that the conditions (H 0 ), (CV * ) and (H * 1 ) are satisfied, then T is laminar subordinate to the stable manifolds x∈supp(ν) W s (x) in the basin of attraction
Corollary 5.2. Under the assumptions (H
We start with the following proposition:
Proposition 5.3. In the basin of attraction B A of A , we have
Proof. Let ψ be a smooth cut-off function with support in L and φ a (1, 1)-smooth form with support in B A , then, by hypothesis (CV * ),
Otherwise, since dd c (ψ), φ, dψ, d c φ, ψ and dd c φ are smooth forms and the push forward of a smooth form is a current with continuous coefficients, each term of the sum dd
is well defined and has continuous coefficients. We can defined [Di, Proposition 4.7] . We conclude that, for all (1, 1)-smooth form φ with support in B A , we have
We now prove Theorem 5.1.
Proof of Theorem 5.1. As we saw in the proof of Theorem 1.3,
} is a well defined uniformly laminar current subordinate to W s (A ). Moreover, sup n (T n ) is a well defined laminar current subordinate to W s (A ) and satisfy sup n (T n ) ≤ T . By Proposition 5.3, the non-decreasing limit of (T n ) is equal to cT . Thereby, the restriction of the Green current T to the basin of attraction of A is a laminar current subordinate to W s (A ).
We end this section with the proof of Corollary 5.2. Denote B ν the basin of attraction of ν, i.e.
The proof is based on the fact that if p ∈ W s (q) then
In fact, let ϕ be a continuous function defined on B A and let p, q ∈ B A such that p ∈ W s (q), then lim
Proof of Corollary 5.2. Fix ε > 0 and denote by A ε the set A ε = π 0 (R ε ) ∩ B ν . LetP ⊂R ε be a Pesin box, L be a common Lyapunov chart ofP and T ŝ P be the current constructed in Theorem 4.1.
We may define the restriction T û P of T u to W u (P ). See Section 1.3 and 1.6 of [DDG3] for more details. By [DDG3, Theorem 1.6] , T û P is a uniformly woven current. Denote by ν s , ν u the measure such that
Since ν is ergodic, by Birkhoff theorem, we have ν(B ν ) = 1 so 0 = ν |P (A c ε ) ≥ νP (A c ε ), where ν |P is the restriction of ν toP . By Fubini Theorem, for ν s -a.e. α we have
We deduce that for ν s -a.e. α, we have
We deduce from the proof of Theorem 1.5 that (σ Tn ) is a non-decreasing sequence of measures converging to σ T thus
Hence for σ T -a.e. p ∈ B A we have
Equidistribution of saddle periodic points
In this section, we follow the ideas of [BLS] which have also been used in [DDG3] . We assume that f admits an attracting set A which satisfies the condition (ER) and that there exists an invariant current
Remark. In this section, we do not need to have any convergence toward the current T u .
Denote by B A the basin of attraction of A . Fix a Pesin boxP and a Lyapunov chart L ofP . BLS2, p.284] or [DDG3, Section 9 Step 2].
Lemma 6.1 (Shadowing lemma). For allx ∈P ∩f
Denote by P er n the set of periodic points of period n and
Let us recall that ifp,
Lemma 6.2. We have lim inf
Proof. By Lemma 4.7, we know that for every κ ∈ P L,n ,ν(Ω(κ)) ≤ d −nν (P ). By Lemma 6.1,P ∩f −n (P ) is the disjoint union
The measure ν is mixing, we conclude that lim inf
Lemma 6.3. Let
andν be a cluster value of (ν n ), thenν ≥ ν.
Proof. Since every set can be cover, up to a ν-null set, by Pesin boxes and supp(ν) ⊂ B A , the result follows from the previous Lemma.
Theorem 6.4. Let f be an endomorphism of P 2 which admits an attracting set A which f admits an attracting set A . Assume, moreover, A admits a trapping region satisfying the conditions (ER), and that there exists an invariant current
Proof. The restriction of f to an invariant curve is of topological entropy log(d) > 0 so f cannot have a curve of fixed points. Since
there is no fixed points in B A \ U . The compact set U is an euclidean retract, see [Do, Proposition/Definition IV 8.5] , and f (U) ⋐ U is compact. Hence by Lefschetz-Hopf theorem, see [Do, Proposition VII 6.5] , the number of periodic points of period n in U is Trace (f n ) *
Thereby, every cluster value of ν n = 1 d n κ∈P ern∩U δ κ has mass 1 and we conclude with Lemma 6.3.
Uniqueness of the measure of maximal entropy
We assume that f is an endomorphism of P 2 admitting a non trivial attracting set A and that conditions (CV ), (H * 1 ) and (H 2 ) are satisfied We still denote by B A the basin of attraction of A , T the Green current of f and T u the attracting current. The aim of this section is to prove the following Theorem: Theorem 7.1. Let f be an endomorphism of P 2 admitting a non trivial attracting set A which satisfies the condition (CV ), (H * 1 ) and (H 2 ) then ν = T ∧ T u is the unique measure of maximal entropy log(d) in B A .
To prove this theorem we follow the approach of [BLS] .
Proof of Theorem 7.1. Let m be a f -invariant measure with support in B A and of (maximal) entropy log(d) then, by Choquet representation theorem, ν can be written as an integral of ergodic measures which also are of maximal entropy log(d), since the metrical entropy is concave. So we only have to prove that ν is the only ergodic measure of maximal entropy in B A . Let m be an ergodic measure of maximal entropy with support in B A . By (H 2 ), m admits a non positive Lyapunov exponent.
The measurem is also ergodic and, by Birkoff theorem, for every continuous function ϕ andm-a.e.x we have (14) lim
Denotemx :=m(·|ξ u ) then, by dominate convergence and (14), we have
One the other hand, for everyx, since
with support in A , see [Di] for more details. By the condition (CV ), we have
). The Green current T has a continuous potential so 1
T∧ [D u (x) ] and ν are probability measures. Thus we have
Thanks to Proposition 3.3, we know thatmx = (π
However, for allX ⊂Â we havê
We let n go to the infinity, and, by (15) and (16), we obtain that for every i ∈ N m(X) ≤ ν π −i (X) , som ≤ν. Butm andν are probability measures som =ν, and m = ν. This end the proof of Theorem 7.1.
Further remarks
8.1. Hypothesis for Theorem 1.5.
8.1.1. Previously known settings. The conditions given in the introduction may do reformulate thanks to [DT, Di, Ta] . In fact, in [Di] , T.C. Dinh prove that if U contains an image of P 1 (C) and P 2 \ U is start-shapped, then U support a natural positive closed current T u of bidegree (1, 1), and ν = T ∧ T u is mixing of entropy log(d).
Remark. It is not clear that the fact that supp(ν) is include in an attracting set is enough to ensure that ν admits a negative Lyapunov exponent.
If we further assume that f is of small topological degree on U then f satisfies (CV ) and (H 1 ), see [DT] . This two conditions are also true in the setting of [Ta] , i.e. if for all x ∈ U, ||D x f || < 1 and there exist a point I / ∈ U and a line ℓ ⊂ U such that for all x ∈ ℓ the set I(x) ∩ U ⊂ I(x) \ I ≃ C 2 is strictly convex, where I(x) is the line passing through I and x.
If instead we further assume that the rational hull r(K) of the compact set K = P 2 \ U (see [G, Definition 2 .1]) does not intersect A , then f satisfies (CV * ). This follows from [G, Lemma 2.7] and [Di, Theorem 4 .6].
New examples.
In practice, the only examples known that satisfy (CV * ) (and also all the assumptions in section 2.2) are the perturbations of the line at infinity exposed in the introduction. In this section, we present new examples.
We fix the following notations: xy) . Assume that 0 < |θ| ≤ θ 0 and that θ 0 and δ are small, then [0 : 0 : 1] / ∈ U and for all [x : y : z] ∈ U , θ 0 |z 2 | ≤ max(|x| 2 , |y| 2 ) ≤ max(|X|, |Y |, |Z|). Thus for [x : y : z] ∈ U we have θ 0 max(|x|, |y|, |z|) 2 ≤ max(|X|, |Y |, |Z|) and
F n θ (U ) = {z 2 = xy}, i.e. the conic {z 2 = xy} is an attracting set for F θ .
The trapping region U does not satisfy the hypotheses of Dinh [Di] but we are going to prove : Thus the conic C is included in U and contains [a 1 : a 2 : a 3 ].
Thanks to [G, Lemma 2.7] , we only have to see how to adapt Dinh's proofs to get the conclusion of Theorem 1.1 and Theorem 4.6 of [Di] . Let R be a positive closed current with continuous coefficients and support in U . The only time Dinh uses the assumption on the geometry of U is in the section 3 to construct the structural disks. Here is how we can do it in this situation.
Fix a chart W of Aut(P 2 ) containing id and local holomorphic coordinates A, such that ||A|| < 1 and A = 0 at id. Denote by :
• W ′ ⋐ W a small neighbourhood of id,
• V a simply connected neighbourhood of the interval [0, 1] in C,
• for α ∈ C and ||A|| ≤ min(1, |1 − α| −1 ), λ α (A) := (1 − α)A, • π 1 , π 2 the projections of V × P 2 to the first and second coordinates. We choose V, W ′ , θ small enough such that for all α ∈ V , A ∈ W ′ , and all p ∈ F −1 θ (U ′ ) we have λ α (A) • F αθ (p) ∈ U . For all A ∈ W ′ , denote by:
This is a holomorphic endomorphism outside {0} × P 2 . Since F({0} × P 2 ) = {0} × A(C), we can extend trivially the current
to V × P 2 as a positive closed current, see [HP] . We define R α,A to be the structural discs R α,A =< R A , π 2 , α >, see [Di, Appendix A] for notations. Let ρ be a smooth positive probability measure with compact support in V and denote R α = R α,A dρ(A).
We have R 1 = 1 d F θ * 1 d F * θ R = R, since λ 1 (A) = id P 2 , and R 0 = A * [C] dρ(A) is independent of R.
The end of the proof is exactly the same than the one of Dinh.
8.2. Around Theorem 1.3. Let ν be as in theorem 1.3, i.e.
• ν is of the form invariant current ν = T ∧ T u , where T u is an invariant current ( 8.3. The control of the genus of the curves f −n L. We mentioned in the introduction that a way to prove that the Green current is laminar is to control the genus of the curves f −n L, where L is a line such that
In several cases, the growth of the genus of the curves f −n L is linked with the number of preimages of a point; the link is given by the Riemann-Hurwitz formula.
More precisely, by [deT3, Theorem 1], if genus(f −n (L) ∩ U ) = O(d n ) then T is laminar. H. de Thelin [deT4] proved that this true for post-critically finite maps. In the general case, he obtained: 
By [Du2, Theorem 1.1], we know that we cannot improve this result without an additional assumption. An idea is to adapt de Thélin proof in the basin of a small topological degree attracting set (see [Da,DT] for the definition). The proof of [deT4, Theorem 2] is essentially in two steps:
(1) Controlling the number of "small" handles of f −n (L), which is about the same as the number of preimages staying in U = P 2 \ V . (2) Controlling the number of "larger" handles. Under the small topological degree assumption, we may adapt de Thelin's proof to get that the number of "small" handles is bounded by O(d n ). But the control of the number of "larger" handles does not seems to be linked with the number of preimages, so we only have that the genus of f −n (L) in a trapping region growth as O(n d n ).
